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Problem 1

I. Find the general solutions y(z) for the following differential equations:

3
1_@+y=(2),
dr =z T

d’y _ dy
2. 5 h 6[y + cos(3z)] = 0.

1. Consider the curve €' given by the following polar equation in the polar coordinate
system {7, 8) with the origin O on the zy-orthogonal coordinate plane as the pole, and

the positive part of the z-axis as the starting line:
r=2+cosf (0<8<2m).

1. Calculate the area of the region enclosed by the curve C.

442 7
2 4

the slope of this tangent line in the zy-orthogonal coordinate system.

2. Consider the tangent line at the point (r,8) =

(3)

on the curve C. Find

OMI1{697—17)
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Problem 2

For a square matrix A, e? is defined as:

N

I

e}

_|_
NE

[)—l

m

(1)

k=1

where F is the identity matrix and e is the base of natural logarithm.

I. Let A be a 3x3 square matrix which can be diagonalized by a regular matrix P, i.e.,
A = PDP7! where D is a diagonal matrix:

A 000
D = 0 Ag 0 . (2)
0 0 As '

Here, Aj, A2, and A3 are complex numbers.
Prove the following equation:

e 0 0
eA=P| 0 e 0 |P (3)
0 0 e
-1 4 4
II. Let A= | -5 8 10
3 -3 -5

1. Find the regular matrix P and the diagonal matrix D such that A = PDP™.

2. Calculate e?.

0 —z 0 1 0 0
III. Consider A= |z 0 0y,B=1[0 —1 0| and a = |1/, where z is a real
0 0 1 0 0 1 e

number. In the following, the transpose of a vector v is denoted by v”.

1. Express the sum of the eigenvalues of e# using e and z.

TC
2. Let C = Be?. Find the minimum and maximum values of Y = Y for a real three-
Yy .
dimensional vector y (y # 0).
1 A
3. Let f(z) = —2-zTCz — a”z for a real three-dimensional vector 2 = | zp | and C in
z3

II1.2. Find /2% + 22 + 22 for z such that o1(z) = 01(z) = 91(z) =0.
821 822 82’3

— 18 — OM1BIT—19)
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Problem 3

Tn the following, z is a complex number and ¢ is the imaginary unit. Answer the following
questions on the complex function

cot z
fz)=— (1)
z
Here, cot z = . For a positive integer m, we define
tan z
dm
Dy = lim — (zcot 2). (2)
If necessary, you may use Dy = —3 and
z—nw
li = (-1 : 3
z—LI}-qur Sin z ( ) ( )

for an integer n.

I. Find all poles of f(z). Also, find the order of each pole.
I1. Find the residue of each pole found in L

III. Let M be a positive integer and set R = w(2M +1). As shown in Fig.1, for a parameter

t that ranges in the interval -5 <t < o consider the following four line segments Cj,

(k=1,2,3,4):
Cp:z(t)= % + it, (4)
Gy 2{t) = ~t 41y, (5)
Cs: 2(t) = —1—; — it, (6)
Cor 2(t) =t —iy. (7
The initial point of each line segment corresponds to = —% and the terminal point cor-

R
responds to ¢ = o For each complex integral I, = | f(z)dz along Cj, (k= 1,2,3,4),
ot
find lim I. :
Moo

IV. Let C be the closed loop composed of the four line segments C,Cy, Cs, and Cy in
I1I. By applying the residue theorem to the complex integral I = j£ f(2)dz along the
c

closed loop C, find the value of the following infinite series:

3 ol (8)

— 20 — S M1 (697—21)



V. f(z) is now replaced with the complex function

o) = S, )

where N is a positive integer. By following the steps in I--IV, express the following
infinite series in terms of D,y,:

=1
an_N' ‘ (10)
n=1 ]
Im(z)4
s |'9
_R /\01
2 R
O Rl R (')
N el 2
Cs 9
B
2| .
Cy
Fig.1
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Problem 4

In the three-dimensional orthogonal coordinate system zyz, consider the surface S defined
by the following equation:

z(0, ¢) cosf —sinf 0 cosg+ 2
y(0,4) | = | sinf cosé O 0 . (1)
z(0, ¢) 0 0 1 sing -

where 8 and ¢ are parameters of the surface S, and 0 < 8 < 27, 0 < ¢ < 2m. Let V be
the region surrounded by the surface S, and let W be the region satisfying the inequality
z2 + 4% < 4. Answer the following questions for the surface S.

I. Find the unit normal vector oriented inward the reégion V at the boint P on the

o 85k

surface S.
II. Find the area of the surface S included in the region W.
I1I. Find the overlapping volume created by the two regions V' and W.

IV. Consider the three-dimensional curve C on the surface S, which is defined by setting

0
8 = ¢. Find the curvature of the curve C at the point @ | 2 | on the curve C.
1
z()
Note that, in general, given a three-dimensional curve defined by ¢(t) = | y(t) | repre-
z(t)
sented by a parameter ¢, the curvature x(£) of the curve at the point ¢(t) on the curve

is given by the following equation:

7 (2)

— 22 — OM1(637—23)
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Problem 5

Consider a function f(£) of a real number ¢, where |f(¢)| and |f(¢}|* are integrable. Let
F(w) = F[f(t)] denote the Fourier transform of f(¢). It is defined as

Fw) =Ll = [ " F(t) exp(—iwn)d, 1)

where w is a real number and ¢ is the imaginary unit. Then, the following equation is
satisfied:

| 1P =20 [P ©)

o0 —00

Also, let Rs{r) denote the autocorrelation function of f(¢). It is defined as

Ryr) = [ " O - ), | (3)

where 7 is a real number.

L. Consider a case where f(¢) is defined as follows:

cos (at) (Jt| < z

) = 33)’ (4)
0 (>3-

Here, a is a positive real constant. Find the followings:

1. Flw),
2. Rf(‘?'),
3. FIRs(7).

II. Find the values of the following integrals:

o0 cos® —
2 [ Pade

Here, you may use the results of I.

— 24 — OM1(697—25)
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Problem 6

Consider the following procedure that generates a sequence of random variables that take

the

value 0 or 1. For an integer n > 1, we denote the n-th random variable of a sequence

generated by the procedure as X,,.

2 1
» X, becomes X; = 0 with a probability 3 and X; = 1 with a probability 3

e For an integer n = 1,2,... in order, the following is repeé,ted until the procedure
terminates:

— The procedure terminates with a probability p (0 < p < 1) if X,, = 0 and with a
probability ¢ (0 < g < 1) if X, = 1. Here, p and ¢ are constants.

- If the procedure does not terminate as above, X,4; becomes X, ,; = 0 with a

2
probability 3 and becomes X,; = 1 with a probability %

When the procedure terminates at n = £, a sequence of length £, composed of random
variables (X1, ..., X,), is generated, and no further random variables are generated. Answer

the

I

II.

III.

following questions.

For an integer £ > 1, consider the following matrix:

. (Pr(Xn_,_k =0 Xp=0) Pr(Xppu=1|X,= 0)) 0

Pr(Xnsp = 0| Xn=1) Pr(Xppx=1]Xn=1)

Here, Pr(A | B) is the conditional probability of an event A given that an event B has
occurred.

1. Express P, and P using p and g.
2. Express P; using F;.
3. P; can be expressed as P, = v, P using a real number . Find ;.

For an integer m > 2, find the respective probabilities that X,,, = 0 and X,,, = 1, given
that the procedure does not terminate before n = m.

Find the expected value and the variance of the length of the sequence, £, generated by

1+r
the procedure. If necessary, you may use mr™ Tl = —— and m2rml =

p y, you may mZ=:1 = Z T
for a real number r whose absolute value is smaller than 1.

IV. For an integer k > 1, find the probability Pr(X, = 0| Xp1r = 1).

— 26 — OM1(B47—27)
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2025

The Graduate School Entrance Examination

Mathematics

13:00 — 15:30

GENERAL INSTRUCTIONS

1. Do not open the problem booklet until the start of the examination is announced.

2. Notify your proctor if you find any printing or production errors.

3. Answers must be written in Japanese or English. The problems are described in Japanese
on pages 2-12 and in English on pages 16-26.

4. Examinees for the Department of Civil Engineering must answer any one of the six
problems in the problem booklet. Examinees for other departments must answer three
problems among the six problems in the problem booklet.

5. One answer sheet is given to the examinees for the Department of Civil Engineering. Three
answer sheets are given to the examinees for other departments. Use one answer sheet for
each Problem (from 1 to 6). You may use the reverse side if necessary.

6. Write the problem number (1 to 6) that you answer in the upper left box of the answer
sheet.

Fill in your examinee number in the designated place at the top of each answer sheet.

You may use the blank pages of the problem booklet for drafts without detaching them.
Any answer sheet with marks or symbols irrelevant to your answers is considered to be
invalid.

10. Do not take the answer sheets or the booklet with you after the examination.

Examinee Number | No.

Write your examinee number in the space provided above.
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