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Problem 1

I. Find the general solution y(x) of the following differential equation:

I1.

[1I.

dy
o = Y=, (1)

where 0 <y < 1.

Find the value of the following definite integral, I :

[:f_llmf_@dx’ (2)

1 cos? (%x)

where 0 < arccos (-;) <.

For any positive variable x, we define f(x) and g(x) respectively as

=1
)= ) stm 3)
m=0
and
d
g(x) = af(x)- (4)

For any non-negative integer n, I,(x) is defined as

_ (g™
I (x) —J; {m} dx. (5)

Here, you may use

- 1
EXP(X) = Z ﬁxm. (6)
m=0

1. Calculate f(x)? — g(x)2.
2. Express I,,,(x) using I,(x).
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Probiem 2

Answer the following questions about a real symmetric matrix, A:

0 1 2
A=102). ()
2 2 3

I. Find all the different eigenvalues of matrix A, 2A;,-+,4, (A; < - < 1),
11. Find all the eigenspaces W(4,),:--,W(4,.) correspondingto A4,---, 4, respectively.

Iil. Find an orthonormal basis, b4, by, b3, which belongs to either of W(A,),---, W(4,),
obtained in Question II.

IV. Find the spectral decomposition of A :

A= i APy, 2)

=1
where P; is the projection matrix ontec W(A4;).

V. Find A", where n is any positive integer.
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Problem 3

Answer the following questions. Here, for any complex value z, Z is the
complex conjugate of z, argz is the argument of z, |z| is the absolute value
of z, and { isthe imaginary unit.

1. Sketch the region of z on the complex plane that satisfies the following:
27+V2(z+ D) +3i(z—2)+2<0. (1)

[1. Answer the following questions on the complex valued function f(z)
befow.
z2—2

flz) = iz (2)

1. Find all the poles of f(z) as well as the orders and residues at the poles.

2. By applying the residue theorem, find the value of the following
integral I;. Here, the integration path C is the circle on the complex
plane in the counterclockwise direction which satisfies |z + 1| = 2.

L =£ f(2) dz 3)

ITI1. Answer the following questions.
1. Let g(z) be a complex valued function, which satisfies

Aim_g(z) =0 (4)

for 0<argz<m.

Let Cp be the semicircle, with radius R, in the upper half of the
complex plane with the center at the origin.

Show

lim | e%%g(z)dz =0, (5)

R—oo Cr

where a is a positive real number.

2. Find the value of the following integral, I:
®sinx

I = , —~ dx. (6)
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Problem 4

I. In the two-dimensional orthogonal xy coordinate system, consider the curve L
represented by the following equations with the parameter t (0 < t < 2m). Here, a

is a positive real constant.
x(t) = a(t —sint) (1)
y(t)} = a(l — cos t) (2)

1. Obtain the length of the curve L when t varies in the range of 0 <t < 27,
2. Obtain the curvature at an arbitrary point of the curve L.
Here, t = 0 and t = 21 are excluded.

[I. In the three-dimensional orthogonal xyz coordinate system, consider the curved
surface represented by the following equations with the parameters # and v
(u and v are real numbers).

x(u,v) = sinhu cos v (3)
y(u,v) = 2sinhusinv (4
z(u,v) = 3 coshu (5)

1. Express the curved surface by an equation without the parameters.

2. Sketch the xy-plane view at z =15 and the xz-plane view at y =0,
respectively, of the curved surface. In the sketches, indicate the values at the
intersection with each of the axes.

3. Express the unit normal vector n of the curved surface by u and v.

Here, the z-component of n should be positive.

4. Let k be the Gaussian curvature at the point u = v = 0.

Calculate the absolute value of k.
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Problem 5

1. We consider a continuous and absolutely integrable function f(t) of a real variable
t and denote the Fourier transform of the function f{t) as F{f(t)}. We define a
function F(w) by the following formula:

F(w) = F{f(t)} = f f(t) exp(—iwt) dt, (1)
—00
where w is a real variable and i is the imaginary unit.

1. We define g(t) = f(at) for a constant a satisfying a > 0 and
G(w) = Flg(®)} = F{f(at)} (2)

Express G{w) using the function F.

2. When f(t) = exp(—t2) and a = 2, sketch the graph of the Fourier transformed
functions F(w) and G(w) defined by Equation (2) as a function of @ to
show the difference between them.

3. We define h(t) = f(t) exp(—ibt) for a constant b satisfying b > 0 and

H(w) = F{h(t)} = F{f(t) exp(—ibt)}. 3)

Express H(w) using the function F. .

4. When f(t) =exp(—t?) and b =2, sketch the graph of the Fourier
transformed functions F(w) and H({w) defined by Equation (3) as a function
of w to show the difference between them.

— 24 — OM1 (597—25)



II. Let N be a positive integer. We define a discrete Fourier transform Dy, -+, Dy by

the following formula:

D, =— NE (—'— ) 4
Cn €XP i nm|,
m ,—N ) n N “4)

for a complex sequence cq,-'+, cy. Here, m is an integer satisfying 1 <m < N.

1. Calculate S(n,n):

N
: 1 2
S(n,n") = N Z exp {LF (n— n’)m}. (%)
m=1
Here, n is an integer satisfying 1 < n < N, and n'is an integer satisfying
1<n'<N.
2. Let Uyy, be a complex number satisfying
N
D, = z UnnCn- (6)
n=1

Show that the matrix U = [Un]1<men 1nen 1S @ unitary matrix.

3. Derive an equation for the inverse discrete Fourier transform ¢, from

Dy, , Dy.
Here, nis an integer satisfyingl1 <n < N.
4. For any complex value z, Z is the complex conjugate of z. We define @ by

N
Q= ) (Tatnss +Tari ). ™
n=1

Express Q intermsof Dy, and D,,.Here, we impose the condition cyyq = Cq.
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Problem 6

Consider an electric vehicle charging station with a single charger installed and let us
observe the number of vehicles at the station at regular time intervals.

Arriving vehicles at the station are lined up in the queue in the order of arrival, and
only the first vehicle in the queue can be charged. In the interval between one observation
and the next observation, assume that one new vehicle arrives with probability
p (0 < p < 1), and that the vehicle charging at the head of the queue completes charging
with probability g (0 < g < 1). Here, assume that p and g are constantsand p + g < 1.

The queue can accommodate N (N = 2) vehicles, including the vehicle being
charged at the head of the queue, and the (N + 1) -th vehicle shall give up and leave the
station without queuing up. The vehicle which completes charging leaves the station
immediately.

In the interval between one observation and the next observation, either only one or no
vehicles arrive at the station and either only one or no vehicles complete charging.
Moreover, assume that both arrival of new vehicle and completion of charging for the
first vehicle do not occur together in any one interval,

I. When there are i (0 <i < N) vehicles in the queue, find the probability for the
following condition: no new vehicle arrives and the first vehicle does not leave in the

interval between one observation and the next observation. -

Let m; (0 < i < N) be the probability that i vehicles are in the queue in the steady
state.

I1. Express the relationship between m; and 7;,,.Here, i< N—1.
I1I. Express m;using p, g and N,

IV. Find the expected value of the number of vehicles at the station in the steady state
using p, q and N.Here, p < g.
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GENERAL INSTRUCTIONS

1. Do not open the problem booklet until the start of the examination is announced.
Notify your proctor if you find any printing or production errors.

3. Answers must be written in Japanese or English. The problems are described in Japanese
on pages 2-12 and in English on pages 16-26.

4. Answer three problems out of the six problems in the problem booklet.

5. Three answer sheets are given. Use one answer sheet for each Problem {(from 1 to 6). You
may use the reverse side if necessary.

6. Write the problem number (1 to 6) that you answer in the upper left box of the answer
sheet.

7. Fill in your examinee number in the designated place at the top of each answer sheet.

8. You may use the blank pages of the problem booklet for drafts without detaching them.

9. Any answer sheet with marks or symbols irrelevant to your answers is considered to be
invalid.

10. Do not take the answer sheets or the booklet with you after the examination.

Examinee Number | No.

Write your examinee number in the space provided above.
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