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Mathematics 3 (Primarily from the fields of “Function Theory,
Complex Number” and “Probability and Statistics,
Information Mathematics, etc.”)

Answer both Questions I and I1.

I. In Questions I.1 and 1.2, z denotes a complex number, i the imaginary unit, and

|z| the absolute value of z.

1. Calculate the following integral, where € is the closed path on the complex

plane as shown in Figure 3.1.
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Figure 3.1

Continued on a later page.
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2. Consider the definite integral I, expressed as

27 )
do
I, = — 2
2 ,[, 10 + 8cos @ @
2.1. Find a complex function G(z) when I, is rewritten as an integral

of a complex function as

I, = 55 c2)dz . | 3)
|z]=1
Note that the integration path is a unit circle centered at the origin on
the complex plane oriented counterclockwise. Show the derivation
process with your answer.
2.2. Find all singularities of G(z).
2.3. U(sing the residue theorem, obtain /.

Continued on a later page.
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II. Consider a situation where products are produced sequentially. The events producing
defective products are independent and identically distributed, and a defective product
is produced with a probability of ¢ (0 < ¢ S.l). We consider the changes of the
probability distributions before and after observing production results. In the
following questions, N (= 1) denotes the number of products observed.

1. By defining v; = 1 if the i-th product is a defective product, and v; =0 if
it is not defective, we get a series v = (v, *+, Vy), where the values can be 0
or 1. Let Ny(¥) be the number of observations with value of 1 in v, obtain

the occurrence probability of v.

Suppose that the probability of producing a defective product follows the Beta
distribution

x* 11— (0<x<1), | (4)

Beta,p(x) = Ba.b)
for real numbers a (> 1) and b (> 1). Note that the Beta function B(a,b) s
defined as

1
Bab) = fo £2=1(1 — £)b=1dt . 5)

We now consider the changes of a and b before and after observing production
results in the Beta distribution, which gives the probability of producing a defective
product, using the Bayesian estimation. In the Bayesian estimation, the parameter
8 (in this case, ,¢) that determines the probability is treated as the random variable
and we assume that its distribution is described by m(8). We calculate w(6|A4), that
is the probability distribution of & when an event A is observed with the
occurrence probability P(A), by Equation (6). Here, w(8|A4) is the posterior
probability, P(A|€) is the conditional occurrence probability that the event A is
observed under &, and m(8) is the prior probability.

(6)P(A|6)

n(614) =575 ©

Continued on a later page.

— 10 — OM3(451—39)



2. We assume that ¢, the probability of producing a defective product, follows
the prior probability Beta,y,(¢). Let Q(w|¢) be the conditional occurrence
probability of ¥ under ¢ and @,,(v) be the occurrence probability of v.

Obtain the posterior probability after v occurs.

3. Suppose that Q(v|¢) in Question I1.2 is the occurrence probability obtained
in Question II.1 and let a = 2, b = 50, obtain Q5(¥).

4, In Question II.3, show that the posterior probability becomes the Beta
distribution Beta,s (), and obtain a’ and b’.

5. Obtain ¢ that gives the maximum likelihood estimate (that maximizes the
posterior probability) in Question I1.4.
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2022

The Graduate School Entrance Examination

Mathematics 3

Primarily from the fields of
“Function Theory, Complex Number”

and “Probability and Statistics, Information Mathematics, etc.’

Answer Time 40 minutes

GENERAL INSTRUCTIONS

Notify your proctor if you find any printing or production errors.

Answer all questions,

B W=

the reverse side if necessary.

Do not open the problem booklet until the start of the examination is announced.
The problems are described in Japanese on pages 2-5 and in English on pages 8-11.

2 answer sheets are given. Use one answer sheet for each Question (I and II). You may use

6. Write the question number (I or II) that you answer on the answer sheet in the upper left

box.

»

7. Fill in your examine€ number in the designated place at the top of each answer sheet.

Answers must be written in Japanese or English.

9. You may use the blank pages of the problem booklet for drafts without detaching them.

10. Any answer sheet with marks or symbols irrelevant to your answers is considered to be

invalid.

11. You may not take the booklet or answer sheets with you after the examination.

Examinee Number | No.

Write your examinee number in the space provided above.
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