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Problem 1

I. Find the general solution y(z) for the following differential equations:

d? d
1. d—xg+6£+8y—36_z20, (1)
d2
2. x2d—xz — 2y —4a® = 0. 2)

IT. Consider the following differential equation:

d
r(22° — 1)d—y + 22% + y — 22y = 0. (3)
x
1. When a particular solution of Equation (3) is given by Equation (4), find the coef-
ficients Ag, A1, and As.

Y= AU + Alx + A2x2 (4)

2. Using the particular solution obtained in II.1, find the general solution y(z) of Equa-
tion (3).
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Problem 2

In the following, eigenvalues and eigenvectors are considered to be complex numbers and
complex vectors, respectively.

I. Consider the following matrix A:

Here, n is an integer greater than or equal to 3. Answer the following questions.

1. Find all eigenvalues of the matrix A and their corresponding unit eigenvectors.

2. Find the inverse matrix of the matrix A.

IT. Consider the following matrix B:

0 00O01
1 00 00
B=]10 0010 (2)
00100
01 00O
Answer the following questions.
1. Find all eigenvalues of the matrix B.
2. Find B?, B?, B%, and B°.
3. Find all eigenvalues of B? and B°.
ITI. Consider the following matrix C"
cos %’T 0 000 0 —sin %’r
0 000001 0
0 1 0 0 00 0
C = 0 00010 0 (3)
0 00100 0
0 01 000 0
sin2ZZ 0 0 0 0 0 cosZ¥<

5 5

Find the smallest positive integer m, such that C™ = FE. Here, E is the identity

matrix.
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Problem 3

In the following, z and w are complex numbers and ¢ is the imaginary unit. Let x and y be

real numbers, and z is written in the form of z = x 4 y.

L

II.

I1I.

IV.

Consider all of z satisfying cos z = 10. Find z and y.

Consider the complex number w in Equation (1).

1z+14+ 2

W= —-—> (1)

zZ—1

When 2z is moving in the region y > 2, draw the region that the value of w spans in the

complex plane.

Consider the complex function f(z) in Equation (2).
f(2) = eV @)

1. Find the Laurent expansion of f(z) at z = 0.
2. Find the residue of f(z) at z = 0.
3. Find the complex integral I in Equation (3).

1_7{]0 3)

|2=1

Let u and v be the real and imaginary parts of a regular analytic function g(z), respec-
tively, and the real part u is given by

u=21"—3zy’ +12° —y* + . (4)

1. Find v as a function of z and y.

2. Express g(z) using z.
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Problem 4

Answer the following questions on a curve and a surface in the three-dimensional orthogonal

coordinate system xyz. Here, ¢,7, and k are the unit vectors in the directions of the z,y,

and z axes, respectively.

L.

II.

I1I.

IV.

Find the length of a curve L on the zz plane, given by Equation (1).

L(u):%i—kuk (1)
Here, u is a parameter, and —2 < u < 2.
Consider a surface S obtained by rotating the curve L in I around the z axis. The
surface S is given by Equation (2).

S(u,v):%cosvijL%sinvjjtuk (2)

Here, v and v are independent parameters, and —2 < u < 2, 0 < v < 27. Find the
area of the surface S.

e—f—e*l e+e*1

M ’1
22 22

Find the tangent plane at the point P ( ) on the surface S in II,

and express an equation using x, y, and z.

Find the Gaussian curvature of the surface S in II at the point P in III.

Here, consider a sufficiently smooth surface R given by Equation (3) using independent
parameters &, 7, and satisfying Equation (4),

R(&n) =x(&n) i+y&n) g +=2(&n)k, (3)
OR OR
A X o #0. (4)

The Gaussian curvature K of the surface R at a point Q(x(f,n), y(&,m), z({’,n)) on
the surface R can be calculated by Equation (5).

2R 2R ”2r \’
o ")\ o ") T \oeon "
(5)

OR OR)\ [OR OR OR OR\’
o oc )\ ag an) \oc an

Here, n is a unit normal vector of the surface R at the point Q).
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Problem 5

In the following, ¢ is the imaginary unit, and k& and x are real numbers.

I. The Fourier transform of a function f(z) is defined as Equation (1).
b= [ st 1)

Express the Fourier transform of the following functions f(z) using a real number k.

Here, a and b are positive real numbers, and y is a real number.

1 f(x) _ {(Q)_a((|$| < a) (2>

|z] > a)

2. f(z) = e %l cos b (3)

5 ge) = [ ey (4)

[e.e]

If necessary, you may use / eV’ dy = /.

—00



II. When the Fourier series expansion of the function g(z), with a period of 27, is expressed

as

_ IS .
g(x) = 500 + Z(an cosnx + by, sinnx), (5)

n=1

the Fourier coefficients ag, a,, and b, (n =1,2,3---) can be found by

S / " g(a)da, (6)

™ —Tr
1 s
ap = —/ g(x) cosnzdzx, (7)
L
1 [" )
b, = —/ g(x)sinnzdx. (8)
™ —T

Let us consider functions g(z), which are defined as Equations (9) and (10) in the region
—m <z <, and expanded to have a period of 27 by g(x + 27) = g(x).

1. Find ag, a,, and b, for the g(z) in Equation (9).

D=1 0<e<n

{0 (—r <2 <0)

2. Find ay, a,, and b, for the g(x) in Equation (10).

g(x) = cosg (—m<z<m) (10)

3. Find the convergence value of the infinite series in Equation (11).
> G i

ot 2n —1




Problem 6

In a jar A, in which we cannot see the contents, R red balls and G green balls, a total of

R + G balls are placed. From the jar A, n balls are picked up at once. Among the balls

picked up, the number of the red balls is represented by a random variable X. Here, integers

n, R, and G are such that n > 1, R > n, and G > n, respectively. Answer the following

questions.

L

II.

I1I.

IV.

When n = 2, R = 3, and G = 6, find the expected value and the variance of the random
variable, X.

For an integer k such that 0 < k < n, let Pr(X = k) denote the probability of X = k.
Express Pr(X = k) using R, G, n, and k.

The entropy, H(X), of the random variable, X, is defined as:

ZPr x)log Pr(X = z). (1)

When n = 2 and R+G =7, find all R that maximize H(X), and give the corresponding
value of H(X).

Let us consider empty jars B and C, in which we cannot see the contents. The following
operations are carried out for the n balls picked up from the jar A and the R+ G —n
balls remained in the jar A.

e Among the n balls picked up from the jar A, all the red balls are painted white
and then placed in the jar B, and all the green balls are painted white and then
placed in the jar C.

e Among the R + G — n balls left in the jar A, all the red balls are transferred to
the jar B, and all the green balls are transferred to the jar C.

In summary, after these operations, no balls are in the jar A, X white balls and R — X
red balls are in the jar B, and n — X white balls and G — (n — X)) green balls are in
the jar C.

Then, X balls are picked up from the jar B, and n — X balls are picked up from the
jar C. At this point, we define a random variable Y such that Y = 1 if the balls picked
up from the jars B and C are all white, and Y = 0 otherwise.

For an integer k such that 0 < k < n, let Pr(X =k | Y = i) denote the conditional
probability of X = k under the condition, Y =i. Here, i =0 or ¢ = 1.

1. Express the conditional probability, Pr(X =k | Y = 1), using n.
2. Express the conditional probability, Pr(X =k | Y =0), using R, G, n, and k.
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The Graduate School Entrance Examination

Mathematics

13:00 — 15:30

GENERAL INSTRUCTIONS

10.

Do not open the problem booklet until the start of the examination is announced.

Notify your proctor if you find any printing or production errors.

Answers must be written in Japanese or English. The problems are described in Japanese
on pages 2-12 and in English on pages 16-26.

Examinees for the Department of Civil Engineering must answer any one of the six
problems in the problem booklet. Examinees for other departments must answer three
problems among the six problems in the problem booklet.

One answer sheet is given to the examinees for the Department of Civil Engineering. Three
answer sheets are given to the examinees for other departments. Use one answer sheet for
each Problem (from 1 to 6). You may use the reverse side if necessary.

Write the problem number (1 to 6) that you answer in the upper left box of the answer
sheet.

Fill in your examinee number in the designated place at the top of each answer sheet.

You may use the blank pages of the problem booklet for drafts without detaching them.
Any answer sheet with marks or symbols irrelevant to your answers is considered to be
invalid.

Do not take the answer sheets or the booklet with you after the examination.

Examinee Number | No.

Write your examinee number in the space provided above.
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