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Problem 1

Answer all the following questions.

I.  Find the following limit value:

b*—¢"
lim
x—=0 (x

(a,b,c>0).

1. Find the general solutions of the following differential equations.

dy

1. ——-==lo >0
o xlogx (x>0)
2

2 d—J;——dl—2y=2x2+2x
dx dx

III.  Let a, be defined by

where 7 is a positive integer and e is the base of natural logarithm.

Find lim -2

.u—)a;\a

n+l

Note that the function y=x" (x>0) is convex downward.

()

(2)

&)

(4)
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Problem 2

Consider expressing the following matrix A in a form of A= PDP™%, using a
diagonal matrix D and a regular matrix P. Here, a is a real number.

: 2 1 0
A= (1 3 a) (1)
0 a 2

I.  When a =1, find a diagonal matrix D.

II. When a=1,prove x"Ax > 0 for any three-dimensional non-zero real vector x.
xT represents the transpose of x.

III.  Find the condition of a which satisfies xTAx > 0 for any three-dimensional
non-zero real vector x.

IV. Assume that a satisfies the condition obtained in Question III.
a
For a real vector b = ( 0 ) , express the minimum value of the function
-1
f(x) = xTAx — b"x by using a.

— 18 — OMI1{(299—19)
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Problem 3

In the following, z = x + iy and w = u + iv represent complex numbers, where i
is the imaginary unit, and x, y, © and v are real numbers.

I.  Inorder to evaluate the integral

e |
I=f_mx6+1dx R )

consider the complex function f(z) =

z6 +1
1. Find all singularities of f(z).
2. By applying the residue theorem, determine the value of 1.

II. Two domains, which are banded and semi-infinite on the complex z-plane, are
defined as:

Dy={x+iyo<x<7, y20} and D, ={x+iy|x20, —F<y<o}.

Consider the mapping w = g(z) from the complex z-plane to the complex w-
plane with an analytic function g(z). Let Dy and Dj be the images of D; and
D,, respectively, through this mapping.

1. When g(z) = cos z, sketch the domain Dj.
2. When g(z) = (coshz)3, sketch the domain Dj.

— 20 — OM1(299—21)
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Problem 4

In the three-dimensional orthogonal xyz coordinate system, consider the region 1/
that satisfies Equations (1) and (2).

x24+y2—2z220 (D

X2 +y?+2x <0 (2)
I.  Sketch the cross-sectional shape of the region V" at z = 1.

II.  Obtain the surface area of the region V.

— 22 — OM1(299—23)
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Problem 5

Answer all the following questions.

I. Letaperiodic function f(x) satisfythe condition f(x + ) = f(x — 7). Find the
Fourier series expansion of f(x) for each case, where f(x) is expressed as follows
for the interval —w < x < m.

. f)=x (—n<x<nw), f(-m)=fm@m=0
2. flx)=x2

For the Fourier series expansion, the following equations should be used.

Fx) = % + Z(an cosnx + by, sinnx) 0
=2 Zf(x)dx )
an=x | Zf(x) cosnx dx 3)
' b/n - % J:f(x) sinnx dx | @
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II. Consider the function shown in Figure 5.1 as
wt 2 -
= inl— = — 5
V(t) A|sm(2 )l (w T ) : (5)

Note that A and T are positive real numbers. The complex Fourier series expansion
of V(t) isgivenas ' |
V(f) - — E N _1— einwt (6)
T 4n? —1 '

n=—od

Let I(t) be the periodic solution that satisfies the ordinary differential equation

dI(t)

L—(F +RI) =V() . (7N

Note that L and R are positive real numbers. -

Find the coefficient C,, when the complex Fourier series expansion of I(t) is
expressed as

1) = Z C, et | ®)
7/

n=—o

=T 0 T 2T 3T L

?

Figure 5.1
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Problem 6

Consider a light whose state alternately and repeatedly switches between the OFF (no
light) state and the ON (light) state. For each OFF and ON state, the duration, represented
by Tp and T; respectively, changes at each transition and is independent.

By using ¢, which represents elapsed time from the initiation of each state, TOI and
T; follow the exponential distribution whose probability density functions are described
respectively as

fo(t) = Age ™t (Ao > 0}, (1)
and

fi(t) = Ze~Mt (A, >0} . (2)

Here, for example, Py(a, b}, which is the probability that the condition a< T, <b
(0 < a < b) is satisfied, can be calculated as

. b
Po(a,b) = | fo(e)de . @)

Assume that the light switches from the ON state to the OFF state at time 7 = 0.
Answer the/following questions.

I.  Calculate the expected value and the standard deviation of Ty.
II. Calculate the qxp’écted value and the standard deviation of T + T;.

II.  Consider a situation where time tends towards infinity and the condition
(%o + 4,)T - o approximately holds.

1. Calculate the probability that the light is in the OFF state.
2. Calculate the expected value of the remaining time from the current state to

the next state transition of the light.

IV. Atthetime 7T =1, (1, > 0), calculate the probability that the light is in the ON
state for the first occasion after 7 = 0.
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The Graduate School Entrance Examination

Mathematics

13:00 — 15:00

GENERAL INSTRUCTIONS

oo W N

10.

11.

Do not open the problem booklet until the start of the examination is announced.

Notify your proctor if you find any printing or production errors.

The problems are described in Japanese on pages 2-12 and in English on pages 16-26.
Answer all problems.

Six answer sheets are given. Use one answer sheet for each Problem (from 1 to 6). You may
use the reverse side if necessary.

Write the problem number (1 to 6) that you answer on the answer sheet in the upper left
box.

Fill in 'your examinee number in the designated place at the top of each answer sheet.
Answers must be written in Japanese or English. i

You may use the blank pages of the problem booklet for drafts without detaching them.
Any answer sheet Wit}’l marks or symbols irrelevant to your answers is considered to be
mvalid.

Do not take the answer sheets or the booklet with you after the examination.

Examinee Number | No.

Write your examinee number in the space provided above.
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